Recap.



... In a nutshell

noise

M 0 H =

Y™ R ™ N ™ R o™ A

Forward process: add noise



... In a nutshell

noise data

R E

Reverse process: denoise



What IS noise?
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Forward Process

A ™ K ™ N
\ J
Y
 sampling without simulation q(zt | zo)
X from Xg in closed form = N(z¢ | Vaszo, (1 — a)I)
coefficients

givenby g @ =1-05



Reverse Process

o(Te—1 | ¢)
@_,
#éﬂrﬁiz:li

Q(fEt—l |$t)

 our target
e but unknown
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e Gaussian e« Gaussian
_ q(x¢-1, Xt, Xo) _ q(xe|xe—1)q(xe—11%0)q(x0) _ q(xelxe—1)q(xe—1|%0)
— q(xg, xo) q(x¢|x0)g(xo) q(xelx0) . kpown
« (Gaussian




(tl; dr:
Reve I'SE P F'OCESS  outcome of the dependency graph

* some linear combinations
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i 1= @
-> 7 < \/a_t 4t \/1_&t

o
To predict
Sample x;
Algorithm 2 Sampling
Xt = 4/ C_ltxO‘*'\/l — Citf
) XT N(O, I)
=_. . I= 2 Wt =205 100
xt_\/l_atg_ At Xo 3: z~N(0,I)ift > 1,elsez=0
11 l—o
xt . \/1 . a—tg 4 Xt—1 _L—E (Xt — \/—-1_=C_:'€0(Xt,t))]+ Otz
= X 5: end for
At 6: return x,




Diffusion Models

 Forward process
e add noise to data

* Reverse process
* learn to denoise

* Training objective
 from Hierarchical VAE to L2 loss

* Noise Conditional Network
* represent a distribution



Training Objective

M ot ® B o ®™ B odt® Ny o™ N oo™

Lvis = Lr+Lr_1+...+ L
Lr = Dw(alzr | o) || poler))
Li1 = Dk (C](l’t—l | ilf'tgil?o) || pé(mt—l | Cl?t))

Lo = —logpe(zo |z1)



Training ODbjective

Ve o™ B ™ B ™ N et N o™

e variational lower bound

 like ELBO
£@ = Lr+Lp_1+..+ Ly
Lr = Dw(alzr | o) || poler))
Li1 = DKL(Q(iL't—l | Zlftgl’o) || PO(QJt—l | ZBt))

Lo = —logpe(zo |z1)



Training Objective — toVAE

Ve o™ B ™ B ™ N et N o™

e variational lower bound

* like ELBO
Lgip) == Lr+Lr—1+ ...+ Lo
- Z
Lr = D (%@5 < ¢ )
Ik x| 9(=z | Zo) || po(2z) it’s ELBO if one step
L= Dig [ ¢ &—+FrrFo1Poter=T :Ct)/ —




VAE
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Training Objective

M ot ® B o ®™ B odt® Ny o™ N oo™

Lvip = Lr+Lr_i+...+Lg
no parameter, unlike VAE’s g,

(L) = Du (Q(SUT | 7o) || pa(wT)g
aussian

constant —

Lt

DKL(C](ZITt—1 \ T, T0) || pe(wt—l | ﬂft))

Lo = —logps(xo | z1)



Training Objective

M ot ® B o ®™ B odt® Ny o™ N oo™

Lvis = Lr+Lr_1+...+ L
Lr = Dw(alzr | o) || poler))
L4 = DxkL (Q(l't—l | Zlftgl’o) || PO(QJt—l | ZBt))

reconstruction loss fe
like VAE

—log pg(xo | z1)



Training Objective

M ot ® B o ®™ B odt® Ny o™ N oo™

Lvis = Lr+Lr_1+...+ L
Lr = Dw(alzr | o) || poler))
.2 loss on
noise Liq ) = D (q(l't—l | -flftJfO) || Pé(mt—l | mt))

Lo = —logpe(zo |z1)



Tralnlng Objectlve

~O—0— . —®

£ = Eag,t.c|wille = colas, DI



Training Objective

M ot ® B o ®™ B odt® Ny o™ N oo™

L =By e [wille — eo(ws, D)]?]

OVET Pyata \/

over[1, T]



Training Objective

M ot ® B o ®™ B odt® Ny o™ N oo™

L = 4::co,t,e'@‘€ — 69(xt7 t)Hz]

set as 1 (critical)

Objective IS FID

L, learned diagonal 32 —
L, fixed isotropic X 7.67x0.13 13.51 «e—
|€ — €s||® (Lsimpie) 9.46+0.11 3.17 <




Training Objective

M ot ® B o ®™ B odt® Ny o™ N oo™

L=Eg s, [fthe —(€g (xt,@Hz]

conditioned on
noise level
(critical)



Diffusion Models

 Forward process
e add noise to data

* Reverse process
* learn to denoise

* Training objective
 from Hierarchical VAE to L2
loss

* Noise Conditional Network
* represent a distribution



Noise Conditional Network

 Diffusion models decompose a distribution into many simpler ones.
* \We need the same # networks to fit all of them.
* \We can combine all into one “powerful” network.

* This network i1s conditioned on noise level t.

Noise Conditional Network . things made work



Noise Conditional Network

How to represent po(zi—1 | )
* network Input: X,
* network output: « and ¢ of a distribution

* parametrize u by: €g(x¢,t)

N

noisy Image: noise level:
« condition  condition

* network input * network input



Noise Conditional Network
69(£Et,t)

Unet, VIT, ...
(behaves like Denoising
AE)

Py
network \
Input also

network
Input

output:
same size



Diffusion algorithm annotated:

Algorithm 1 Training Algorithm 2 Sampling
I: repeat I: xr ~ N(0,1) :
gi zco ’\{JCI(?O) (1 ™ cfort=1T,...,1do (;ﬁ(lmatedﬂ
; ~ UIIOorim yio oo g - . . -
4 e~ AN(0.1) X z~N(0,I)ift > 1,elsez=0
J

: end for
. return xg

Vo € — €o({arxo + /1 —@t)“z

6: until converged

2
3
! _ A 1—ay
Take gradient descent stepon 7 4 X1 =5 (xt - \ﬁﬁe(@ @
: 5.
6

sampling from
estimated distribution



Noise Conditional Network

4 )

Noise

999 | Predicter

U J

Denoise




Noise Conditional Network

truth

—_— 97777 e




Diffusion algorithm annotated:

Algorithm 1 Training Algorithm 2 Sampling

l: repeat

2: x0 ~ q(x0)

3: t~ Uniform({1,...,7T})

4. € o N(O, I) 1—aovy
s v

l: X7 ~ N(O, I)
2
3
L o 1
Take gradient descent step on B K-l = e (xt T Vi-aq eg(xt’t)) T
S
6

cfort=1T,...,1do
z~N(0,I)ift > 1,elsez=0

Vo || — eo(v/@xo + VI — aze, t)||° . end for

6: until converged . return xo

tl; dr: noising and denoising
« Turns out to be extremely simple
* Being “simple and effective” moves the needle



Example: Unconditional Generation on CIFAR-10

‘DO'Q‘V‘(K‘(‘(V\“Y%%

e
UL DL el el sl vl el ol el ol 0
 HEEEEENYS SOOI
. IIIIIIIIUEHIIHHHHIIIQO
damEne s»BANFRERITrerEryrrer e
R TR TS S S e
0 0 s e o o o o i e K e
Bl eesesbheliccccs s s s e s
o o o oo s s s s e

[Ho et al, 2020]



Example: shared intermediate latents

[Ho et al, 2020]



Recap.

« Adding Gaussian noise & sampling xz ~ N(:c \ L0, U)




Problems




Recap: Variational Autoencoder (VAE)

Autoencoding distributions:
“Encoding” data distribution pyy, into latent distribution p,

A\ encoder A generator “

pdata(x) pz(z) pg(x)




Summary

Forward process
e add noise to data

Reverse process
e |earn to denoise

Training objective
 from Hierarchical VAE to L2 loss

Noise Conditional Network
* represent distributions



Energy-based
Models and Score
Matching



Diffusion and Score Matching

 Diffusion Models are closely related to Score Matching.
 Score Matching is one solution to Energy-based Models.

* Energy-based Models:
« can be probabilistic or non-probabilistic
e can be generative or discriminative

« Many useful concepts in diffusion co-evolved w/ score matching
« Annealed importance sampling
 Denoising score matching
* Noise Conditional Score Network



Energy-based Models

 Define a scalar function, called “energy”.
At inference time, find x that minimizes energy




Energy-based Models

* \We can use an energy to model a probability distribution

_exp(—E(z))

p(z) = @

normalizing
constant

p(x)




Energy-based Models

* “Score function”: gradient of log-probability.

logp(év) =

W.I.L. X

E(x)




Energy-based Models

» “Score function”: gradient of log-probability

Vilogp(x) = -V E(x)

“non-normalized probabilistic models”

E(x)




nergy-based Models

* “Score function”: gradient of log-probability

Vilogp(x) = -V E(x)

“non-normalized probabilistic models”

*only visualize



How to represent probability distributions?

* When the pdf is differentiable, we can compute the gradient of a
probability density.

Score function Vix logp(x)
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How to represent probability distributions?

* When the pdf is differentiable, we can compute the gradient of a
probability density.

Score function Vx logp(x)

p(x) V. log p(x)
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Score estimation by training score-based models

Probability density i.i.d. samples Score function

pda,ta(x) X1,X9, ", Xp 39(3{) ~ Vy logpdata(x)
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Score Matching

* |Instead of parametrizing p, we can parametrize the score

2
I

1
Dr (Psua(@) || Po(2)) = Epgy(2) | 5 V2 108 Paaa(@) ~ Vi log py(2)
Fisher divergence score of data parameterized score
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e

*only visualize



Score Matching

* |Instead of parametrizing p, we can parametrize the score

2
I

1
Dr (Psua(@) || Po(2)) = Epgy(2) | 5 V2 108 Paaa(@) ~ Vi log py(2)
Fisher divergence score of data parameterized score
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Score estimation by training score-based models

Probability density i.i.d. samples Score function

pda,ta(x) X1,X9, ", Xp 39(3{) ~ Vy logpdata(x)
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Score estimation by training score-based models
 Given: i.i.d. samples {x1,X2, " ,Xn} ~ Pdata(X)
» Task: Estimating the score Vx log pqata(X)
. 8p(x) : R — R?
« Score Model: A learnable vector-valued function <f\*/ -
. Goal- 89(x) ~ V4 10g pgata(X)

* How to compare two veg.myfields of scores?
7

/ —»/
Vi log paata(x)  — e //‘:/ S, Average
— ~-—_, .~ Euclidean distance
— - <
P )/_L over the space



Denoising Score Matching

« with noised data z := x + ¢, It can be proven:

|I”| + constant

5 s 1 N y
Dr(4(2) || po(2)) = Eq(z,3) | 5 [IVzlogq(Z | 2) — Vi log pp(2)

Fisher divergence joint parameterized score
of noised data distribution




Denoising Score Matching

« with noised data z := x + ¢, It can be proven:

8 8 1 8 y
Dr(q(Z) || po(Z)) = Eq(z,3) 5 |Vzlogq(z | z) — 1755 log pg(%)||*| + constant

a network to predict
(negative) noise

1 .
= g(f—x)



Langevin Dynamics

 Given a score function, we can sample x from pby iterating:

2
Ty — Tp_1 -i—@x log po(xi—1) + 0121

step size score function
(don’t need to know p)

/ (neg) gradient of energy
_va:EO (5Et—1)



Langevin Dynamics

« Given a score function, we can sample x from pby iterating:

2
Ty < XTt—1 —@xEO(xt—l) +02t)

gradient perturbation

“learning rate”

Gradient decent in the energy landscape
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Score-based generative modeling

8 n

Data samples

{x1, %2, ,Xn} ~ Pdata(X)

-

Score
Matching
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39(x) ~ V 10g Paata(X)

New samples




From scores to samples: Langevin MCMC
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Follow noisy scores:
Langevin MCMC

Scores Follow the scores

€ ~ ) ZtNN(U.}I)

SB(X) f(t.|.1 +— X + ESQ (X; .
it—}—l — it + 559(}21‘) + ‘\/E Z



Score-based generative modeling
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(Recap) Diffusion algorithm

Algorithm 1 Training Algorithm 2 Sampling

l: repeat 1: %7 ~ N(0,1)

2: XONQ(.XO) 2: fort="7T,...,1do

e ‘/{;1(1301“11;1({1» oryd 1) 3 z~N(0,1)ift > 1,elsez =0

S : .
5: Take gradient descent step on | 4 Xe-1= _\/11=t (xt - \ﬁef’(’f“t)) T 02
Vo He — €p(v/arxo + V1 — @te,t)Hz 5: end for v _

6: until converged 6: return xg score function

score function /
Langevin

Dynamics



Challenge In low data density regions

Data scores Estimated scores

Data density

.

|\ 1
I~ & ¢« [ 2t N ‘I
e & @ g R |
TTVEE J
- Accurate _
I' - L4 . ‘:
:' « « ‘ ‘. . > \:
Lz 2 ¢ a_s v N W

Song and Ermon. “Generative Modeling by Estimating Gradients of the
Data Distribution.” NeurlPS 2019.



Improving score estimation by adding noise

Perturbed density Perturbed scores
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Multi-scale Noise Perturbation

« How much noise to add?

n
»

e Multi-scale nmsgi)egur(p%tlgls.-. - > 07,1 > 0,




Trading off Data Quality and Estimation Accuracy

Data density Data scores Estimated scores
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Worse data quality! Better score estimation!




Using multiple noise scales




Annealed Langevin Dynamics: Joint Scores to Samples

« Sample usingo1, 09, - - - , 0, sequentially with Langevin dynamics.
« Anneal down the noise level.
« Samples used as initialization for the next level.
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Annealed Langevin dynamics

Algorithm 1 Annealed Langevin dynamics.

Require: {o;}Z ,,¢,T.
1: Initialize X
2: for: <+ 1to L do
3: Q; « €-07 /0% > a; is the step size.

4 fort < 1to7T' do

5 Draw z; ~ N (0, I)

6: Xt ¢ X1+ %se(it_l, 0;) + /0 2
7 end for

8 X ¢ X7

9: end for

return X




Comparison to the vanilla Langevin dynamics

Langevin dynamics Annealed Langevin dynamics



Joint Score Estimation via
Noise Conditional Score Networks
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Using multiple noise levels

Data
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Example: Unconditional Generation on CIFAR-10
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[Ho et al, 2020]



Example: shared intermediate latents

[Ho et al, 2020]



Problems



Energy-based Models

* “Score function”: gradient of log-probability

Vilogp(x) = -V E(x)

“non-normalized probabilistic models”

*only visualize directions



More about Energy-based Models ...

At Inference time, find a solution that minimizes energy
I I I

E(Y X)

l L’.'J

(c)

! : |

’th LS “this" "This is casy"  {pronoun verb adj)

(d) (e) (f)



Various Perspectives on Diffusion Models ...

Autoregressive models

be a fully expressive conditional distribution. With these choices, Dkr.(¢(x7) || p(x7)) = 0, and

minimizing Dy, (q(x¢—1|X¢) || po(x¢—1|x¢)) trains pg to copy coordinates £ + 1, .. ., 1" unchanged
and to predict the #" coordinate givent + 1, ..., T'. Thus, training pg with this particular diffusion is

training an autoregressive model.

« SDE and ODE
* Normalizing Flows

 Recurrent Neural Networks



