
Recap.



Energy-based Models
• “Score function”: gradient of log-probability

“non-normalized probabilistic models”

*only visualize directions



• Instead of parametrizing p, we can parametrize the score

Score Matching

score of data parameterized scoreFisher divergence

*only visualize directions

match



Score-based generative modeling

score 

matching

Scores New samplesData samples

Langevin 

dynamics



Trading off Data Quality and Estimation Accuracy

Worse data quality! Better score estimation!

(Red encodes error) 



Using multiple noise levels

Data

Annealed Langevin dynamics

Score matching loss

Positive weighting 

function

Noise Conditional 

Score Model 



Infinite noise levels



Perturbing data with stochastic processes

Stochastic process

Probability densities

Infinitesimal noiseDeterministic drift

Stochastic differential equation (SDE)

WLOG: Toy SDE



Generation via reverse stochastic processes

Forward SDE (t: 0→T)

Reverse SDE (t: T→0)

Infinitesimal noise in 

the reverse time 

direction

Score function!



Predictor-Corrector sampling methods

• Predictor-Corrector sampling.
• Predictor: Numerical SDE solver

• Corrector: Score-based MCMC

corrector



Predictor-Corrector sampling methods

• Predictor-Corrector sampling.
• Predictor: Numerical SDE solver

• Corrector: Score-based MCMC



SDE Ordinary differential equation (ODE)

Score function

Converting the SDE to an ODE



Converting the SDE to an ODE

We can think of this as a (continuous time, infinite depth) normalizing flow

1. Unique ODE solution → Invertible mapping

2. To invert, solve ODE backwards from T to 0



Evaluating the probabilities with ODEs

• It is a (continuous-time) normalizing flow model!

Unbiased 

estimator
ODE solver

→ ODE

Computable in 

polynomial time

Computing the probability density function (change of variables formula)



Accelerated sampling

→ ODE

• Numerical methods + ODE formulation to accelerate sampling

• DDIM [Song and Ermon, 2021]: 
• Coarsely discretize the time axis, take big steps

• Corresponds to exponential integrator (semi-linear ODE) [Lu et al, 2022; Zhang and 
Chen, 2022]

• 10x-50x speedups, comparable sample quality



Fréchet Inception Distance (FID)
https://arxiv.org/abs/1706.08500

FID = Fréchet distance

between the two Gaussians

CNN

so
ftm

ax

red points: real images

blue points: generated images

Smaller is better
A lot of samples 

is needed.



Accelerated sampling

• Numerical methods + ODE formulation to accelerate sampling

• DDIM [Song and Ermon, 2021]: 
• Coarsely discretize the time axis, take big steps

• Corresponds to exponential integrator (semi-linear ODE) [Lu et al, 2022; Zhang and 
Chen, 2022]

• 10x-50x speedups, comparable sample quality



Compared to DDPM, DDIM is able to:
• Generate higher-quality samples using a much fewer number of steps.

• Have “consistency” property since the generative process is 

deterministic, meaning that multiple samples conditioned on the same 

latent variable should have similar high-level features.

• Because of the consistency, DDIM can do semantically meaningful 

interpolation in the latent variable.



Parallel ODE solving



Distillation

→ ODE

• Progressive distillation [Salimans, Ho 2022]
• DDIM sampler as a teacher model

• Student model trained to do in 1 step what DDIM achieves in 2 steps

• Applied recursively to drastically reduce the number of steps required

student student



Distillation





On distillation of guided diffusion models

Meng, Rombach, Gao, Kingma, Ermon, Ho, Salimans “On distillation of guided diffusion models.” 2023.



Consistency models are designed for one-step generation

Data Noise

How does this differ 

from a denoiser?

Song, Dhariwal, Chen, Sutskever. Consistency Models. ICML 2023

Probability flow ODE (PF ODE)



Data Noise

Consistency models are trained to map

points on any trajectory of the PF ODE

to the trajectory’s origin in one step.

Boundary condition

Enforced via network 

parameterization

Enforced via learning

Self-consistency

Probability flow ODE (PF ODE)

Consistency models are designed for one-step generation



Sampling from consistency models

• Trading compute 

for quality

• Zero-shot image 

editing

Song, Dhariwal, Chen, Sutskever. Consistency Models. ICML 2023



Enforcing the boundary condition

• Skip connections for enforcing the 

boundary condition:

• The denoising/score network in diffusion 

models often has a similar parameterization

(cf., EDM, v-prediction, etc.)

Karras, Tero, et al. "Elucidating the design space of diffusion-based 

generative models." arXiv preprint arXiv:2206.00364 (2022).



Training consistency models via distillation

Data Noise



Training consistency models via distillation

Data Noise

One ODE sampling 

step using a given 

diffusion model.



Training consistency models via distillation

Data Noise

ODE sampling using a 

given diffusion model.

Minimize the following consistency loss

Weighting function



Training consistency models via distillation

Data Noise



Enforcing self-consistency via distillation

ODE solver

+ pretrained 

score function

ODE solver

+ pretrained 

score function

ODE solver

+ pretrained 

score function



Consistency Model

Distill a diffusion model into a 

consistency model by minimizing the 

difference between model outputs for 

pairs generated out of the same trajectory. 

This enables a much cheaper sampling 

evaluation.



Consistency Model

Train a consistency 

model independently.



Consistency models distilled from diffusion models

EDM 

FID = 2.44

NFE = 79

One step 

FID = 6.20

NFE = 1

Two steps 

FID = 4.70

NFE = 2



EDM 

FID = 3.57

NFE = 79

One step 

FID = 7.80

NFE = 1

Two steps 

FID = 5.22

NFE = 2

Consistency models distilled from diffusion models



Consistency decoder in DALLE 3



Flow Matching





The Flow Matching Matrix

Conditional

Probability Path

Marginal

Probability Path

Conditional

Vector Field

Marginal

Vector Field

Conditional

Flow Matching Loss

Marginal

Flow Matching Loss

“Conditional” = “Per single data point”

“Marginal” = “Across distribution of data points”



Probability Paths: The Path from Noise to Data



Conditional Probability Path

Marginal Probability Path

t=0 t=1



Conditional Probability Path

Marginal Probability Path



Conditional Probability Path

Marginal Probability Path



Conditional Prob. Path

Conditional 

Probability Path

Gaussian example

Conditional 
Vector Field

Notation Key property

Interpolates     

and a data point z



Conditional Prob. Path

Conditional 

Probability Path

Gaussian example

Conditional 
Vector Field

Notation Key property

ODE follows 

conditional path 

Gradient of 

log-likelihood

Interpolates     

and a data point z



Marginal Prob. Path

Marginal 
Probability   
Path

Formula

Marginal 
Vector 
Field

Notation Key property

Interpolates     

and 



Marginal Prob. Path

Marginal 
Probability   
Path

Formula

Marginal 
Vector 
Field

Notation Key property

ODE follows 

marginal path 

Gradient of 

log-likelihood 

of marginal 

path

Interpolates     

and 



Example - Conditional Vector Field for Gaussian

Proof Sketch: 

Step 1: By checking ODE, show that the flow of the vector field is given by

Step 2: If                                           is random, then we know that then:













Continuity Equation

Given:

Randomly initialized ODE

Continuity equation holds

Follow probability path:

equivalent

Marginals are 

p_t

PDE holds



Continuity Equation

Outflow

Inflow

Change of 

probability 

mass at x

Outflow - inflow

of probability 

mass from u







Conditional Flow Matching for Gaussian probability path

Conditional VFProb. path

Noise Sampling

Plugging in Noise Sampling into CFM Loss results in:

velocitynoise+data



Straight Line Schedule

Difference 

between 

noise and 

data

Linear 

interpolation 

of noise and 

data



Figure 

credit: 

Yaron 

Lipman





Return final point

Reminder: Sampling Algorithm for Flow Model

Random initialization!



The Flow Matching Matrix

Conditional

Probability Path

Marginal

Probability Path

Conditional

Vector Field

Marginal

Vector Field

Conditional

Flow Matching Loss

Marginal

Flow Matching Loss

Defines 

distributions 

from noise to 

data

Defines training 

target that we 

want to learn

Loss function that 

we want to 

minimize during 

traing



Conditional Prob. Path, Vector Field, and FM Loss

Conditional 
Probability Path

Gaussian example

Conditional 
Vector Field

Notation Key property

ODE follows 

conditional path 

Interpolates     

and a data point z

Conditional 
FM Loss

Loss we 

minimize 

during training

All these objects are tractable. Just analytical formulas!



Marginal Prob. Path, Vector Field, and FM Loss

Marginal 
Probability   
Path

Formula

Marginal 
Vector 
Field

Notation Key property

ODE follows 

marginal path 

Interpolates     

and 

Marginal 
FM Loss

Implicitly 

minimized via 

cond FM loss 

None of these objects are tractable. But we can still learn them!







Diffusion Models Flow Matching



Flow-Based Models



Generator

• A generator G is a network. The network defines a probability
distribution 𝑝𝐺

generator 

G𝑧

𝜋(z)

𝑥 = 𝐺 𝑧

Normal 

Distribution

𝑝𝐺(𝑥) 𝑝𝑑𝑎𝑡𝑎 𝑥

as close as possible

𝑥1, 𝑥2, … , 𝑥𝑚 from 𝑃𝑑𝑎𝑡𝑎 𝑥

Ref: https://youtu.be/DMA4MrNieWo



Generator

• A generator G is a network. The network defines a probability
distribution 𝑝𝐺

generator 

G𝑧

𝜋(z)

𝑥 = 𝐺 𝑧

Normal 

Distribution

𝑝𝐺(𝑥) 𝑝𝑑𝑎𝑡𝑎 𝑥

as close as possible

Flow-based model directly optimizes the objective function.

𝑥1, 𝑥2, … , 𝑥𝑚 from 𝑃𝑑𝑎𝑡𝑎 𝑥



Math Background
Jacobian, Determinant, Change of Variable Theorem



Jacobian Matrix

𝑥 = 𝑓 𝑧

𝑧 =
𝑧1

𝑧2
𝑥 =

𝑥1

𝑥2

𝑓𝐽 =
𝜕𝑥1Τ𝜕𝑧1

𝜕𝑥2Τ𝜕𝑧1

𝜕𝑥1Τ𝜕𝑧2

𝜕𝑥2Τ𝜕𝑧2

𝐽𝑓−1 =
𝜕𝑧1Τ𝜕𝑥1 𝜕𝑧1Τ𝜕𝑥2

𝜕𝑧2Τ𝜕𝑥1 𝜕𝑧2Τ𝜕𝑥2

𝑧 = 𝑓−1 𝑥

𝑧1 + 𝑧2 

2𝑧1
= 𝑓

𝑧1

𝑧2

𝐽𝑓 =
1 1

2 0

𝑥1

𝑥2

𝑥2/2

𝑥1 − 𝑥2/2
= 𝑓−1

𝑥1

𝑥2

𝑧1

𝑧2

𝐽𝑓−1 =
0 1/2

1 −1/2

input

output

𝐽𝑓𝐽𝑓−1 = 𝐼



Determinant
The determinant of a square matrix is a scalar that provides information about

the matrix.

• 2 X 2 • 3 x 3

𝐴 =
𝑎 𝑏
𝑐 𝑑

𝑑𝑒𝑡 𝐴 = 𝑎𝑑 −𝑏𝑐

𝑎1 𝑎2 𝑎3

𝑎4 𝑎5 𝑎6

𝑎7 𝑎8 𝑎9

𝐴 =

𝑑𝑒𝑡 𝐴 =

𝑎1𝑎5𝑎9 +𝑎2𝑎6𝑎7+𝑎3𝑎4𝑎8

−𝑎 𝑎 𝑎3 5 7 −𝑎2𝑎4𝑎9−𝑎1𝑎6𝑎8



Determinant

• 2 X 2 • 3 x 3

𝐴 =
𝑎 𝑏
𝑐 𝑑

𝐴 =

𝑎1 𝑎2 𝑎3

𝑎4 𝑎5 𝑎6

𝑎7 𝑎8 𝑎9

|𝑑𝑒𝑡 𝐴 |

𝑎1, 𝑎2, 𝑎3 𝑎4, 𝑎5, 𝑎6

𝑎7, 𝑎8, 𝑎9

(a,b)

(c,d)

V



Change of Variable Theorem

x = 𝑓 𝑧

𝑥

𝑧

𝑝 𝑥

𝑧 ′

𝑥 ′

𝑓

𝜋 𝑧 ′

𝜋 𝑧

𝑝 𝑥′

What are

their relations?



Change of Variable Theorem

x = 𝑓 𝑧

= 2𝑧 + 1

𝜋 𝑧

𝑝 𝑥

𝑥

𝑧
0 1

1

1 3

0.5

𝑧 ′

𝑥 ′



Change of Variable Theorem

𝑧 ′

𝑥 ′ 𝑥 ′ + ∆𝑥

𝑧
𝑧 ′ + ∆𝑧

𝑥

𝜋 𝑧′

𝑝 𝑥 ′

𝑝 𝑥′ ∆𝑥 = 𝜋 𝑧 ′ ∆𝑧

𝑝 𝑥′ = 𝜋 𝑧′
∆𝑧

∆𝑥

𝑝 𝑥′ = 𝜋 𝑧 ′
𝑑𝑧

𝑑𝑥

minus



Change of Variable Theorem-2D

𝑧1

𝑝 𝑥 ′

𝑧2 𝑥2

𝑥1∆𝑥11

∆𝑥12

∆𝑥21

∆𝑥22

𝑝 𝑥′ 𝑑𝑒𝑡
∆𝑥11 ∆𝑥21

∆𝑥22∆𝑥12
= 𝜋 𝑧 ′ ∆𝑧1∆𝑧2



𝑝 𝑥′ 𝑑𝑒𝑡
∆𝑥11 ∆𝑥21

∆𝑥22∆𝑥12
= 𝜋 𝑧 ′ ∆𝑧1∆𝑧2

𝑝 𝑥 ′
1

∆𝑧1∆𝑧2

𝑑𝑒𝑡
∆𝑥11 ∆𝑥21

∆𝑥22∆𝑥12
= 𝜋 𝑧′

𝑝 𝑥′ 𝑑𝑒𝑡
∆𝑥11/∆𝑧1 ∆𝑥21/∆𝑧1

∆𝑥22/∆𝑧2∆𝑥12/∆𝑧2
= 𝜋 𝑧 ′

𝑝 𝑥′ 𝑑𝑒𝑡
𝜕𝑥1/𝜕𝑧1

𝜕𝑥1/𝜕𝑧2
= 𝜋 𝑧′

𝑝 𝑥′

𝜕𝑥2/𝜕𝑧1

𝜕𝑥2/𝜕𝑧2

𝜕𝑥1/𝜕𝑧2

𝜕𝑥2/𝜕𝑧2

𝑑𝑒𝑡
𝜕𝑥1/𝜕𝑧1

𝜕𝑥2/𝜕𝑧1

= 𝜋 𝑧 ′

= 𝜋 𝑧 ′

𝑝 𝑥 ′ = 𝜋 𝑧′
1

𝑑𝑒𝑡 𝐽𝑓
𝑝 𝑥 ′

𝑝 𝑥′

𝑑𝑒𝑡 𝐽𝑓

= 𝜋 𝑧 ′ 𝑑𝑒𝑡 𝐽𝑓−1

x = 𝑓 𝑧



Formal Explanation



Flow-based Model
Normal

generator 

G𝑧 𝑥 = 𝐺 𝑧

Distribution

𝜋(z)

𝑝𝐺 𝑥𝑖 = 𝜋 𝑧𝑖 𝑑𝑒𝑡 𝐽𝐺−1

𝑝 𝑥′

𝑧𝑖 = 𝐺−1

You can compute 𝑑𝑒𝑡 𝐽𝐺

You know 𝐺−1

𝐺 has limitation

100 x 100 x 3

𝑝 𝑥 ′ 𝑑𝑒𝑡 𝐽𝑓

= 𝜋 𝑧 ′

𝑝𝐺(𝑥)

= 𝜋 𝑧 ′

𝑑𝑒𝑡 𝐽𝑓−1

𝑙𝑜𝑔𝑝𝐺 𝑥𝑖 = 𝑙𝑜𝑔𝜋 𝐺−1

𝑥𝑖

𝑥𝑖 + 𝑙𝑜𝑔 𝑑𝑒𝑡 𝐽𝐺−1



Multiple Generators

G1

𝑝𝐾 𝑥𝑖 𝐺1
= 𝜋 𝑧𝑖 𝑑𝑒𝑡 𝐽 −1 ⋯ 𝑑𝑒𝑡

𝐾
𝐽𝐺−1

G2 G3

𝜋(𝑥) 𝑝1(𝑥) 𝑝2(𝑥) 𝑝3(𝑥)

𝑝2 𝑥𝑖 = 𝜋 𝑧𝑖 𝐺1
𝑑𝑒𝑡 𝐽 −1 𝐺2

𝑑𝑒𝑡 𝐽 −1

𝑝1 𝑥𝑖 = 𝜋 𝑧𝑖 𝐺1
𝑑𝑒𝑡 𝐽 −1

……

Maximize

1𝑧𝑖 = 𝐺−1
𝐾⋯ 𝐺−1 𝑥𝑖



What you actually do? G𝑧 𝑥

G-1

𝑝𝑑𝑎𝑡𝑎 𝑥

𝑥𝑖𝑧𝑖 = 𝐺−1 𝑥𝑖

Make 𝑧𝑖 become 

zero vector
If 𝑧𝑖 is always zero:

𝐽𝐺−1 would be zero matrix

𝑑𝑒𝑡 𝐽𝐺−1 = 0

𝑙𝑜𝑔𝑝𝐺 𝑥𝑖 = 𝑙𝑜𝑔𝜋 𝐺−1 𝑥𝑖 + 𝑙𝑜𝑔 𝑑𝑒𝑡 𝐽𝐺−1

-inf

Actually, we train G-1 , but we use G for generation.



Coupling Layer

𝑖 ≤ 𝑑

𝑖 > 𝑑

F

NICE
https://arxiv.org/abs/1410.8516

Real NVP
https://arxiv.org/abs/1605.08803

copy

+

𝛽𝐷

𝛽𝑑+1……

H

𝛾𝐷

𝛾𝑑+1……

Can be very 

complicate

𝑥𝑖>𝑑 = 𝛽𝑖 𝑧𝑖 + 𝛾𝑖



Coupling Layer

𝑖 ≤ 𝑑

𝑖 > 𝑑

F

NICE
https://arxiv.org/abs/1410.8516

Real NVP
https://arxiv.org/abs/1605.08803

copy

+

𝛽𝐷

𝛽𝑑+1……

H

𝛾𝐷

𝛾𝑑+1……

𝑧𝑖≤𝑑 = 𝑥𝑖

𝑧𝑖>𝑑
𝑥 − 𝛾

=
𝑖 𝑖

𝛽𝑖



Coupling Layer F H

I

(Identity)

O

(zero)

I don’t

care.

𝐽𝐺

Diagonal

𝑑𝑒𝑡 𝐽𝐺

=
𝜕𝑧

𝜕𝑥𝑑+1 𝜕𝑥𝑑+2

𝜕𝑧𝑑+1 𝑑+2

𝜕𝑥D⋯
𝜕𝑧D

𝑥𝑖>𝑑 = 𝛽𝑖 𝑧𝑖 + 𝛾𝑖

= 𝛽𝑑+1𝛽𝑑+2⋯ 𝛽𝐷



Coupling Layer - Stacking

F1 H1 F2 H2 F3 H3

F1 H1 F2 H2
F3 H3



Coupling Layer

F1 H1 F2 H2
F3 H3



1x1 Convolution
GLOW
https://arxiv.org/abs/1807.03039



1x1 Convolution
GLOW
https://arxiv.org/abs/1807.03039

𝑧 𝑥

𝑊 can shuffle the channels.

If 𝑊 is invertible, it is easy to 

compute 𝑊−1.

0 0 1

1 0 0

0 1 0

1

2

3

3

1

2

=

W

3 x 3



1x1 Convolution

𝑥 = 𝑓 𝑧 = 𝑊𝑧

𝑥1

𝑥2

𝑥3

=

𝑤11

𝑤21

𝑤31

𝑤12

𝑤22

𝑤32

𝑤13

𝑤23

𝑤33

𝑧1

𝑧2

𝑧3

𝐽𝑓 =

𝜕𝑥1Τ𝜕𝑧1

𝜕𝑥2Τ𝜕𝑧1

𝜕𝑥3Τ𝜕𝑧1

𝜕𝑥1Τ𝜕𝑧2

𝜕𝑥2Τ𝜕𝑧2

𝜕𝑥3Τ𝜕𝑧2

𝜕𝑥1Τ𝜕𝑧3

𝜕𝑥2Τ𝜕𝑧3

𝜕𝑥3Τ𝜕𝑧3

=

𝑤11

𝑤21

𝑤31

𝑤12

𝑤22

𝑤32

𝑤13

𝑤23

𝑤33

= 𝑊

𝑧 𝑥

W

3 x 3



1x1 Convolution

𝑑𝑒𝑡 𝑊
𝑑×𝑑

0

0

W

W

W

……

𝑑× 𝑑
positions

If 𝑊 is 3x3, computing

𝑑𝑒𝑡 𝑊 is easy.



Demo of OpenAI



Demo of OpenAI

Source of image: 

https://hd.stheadline.com/life/ent/realtime/1517562/

𝐺−1

𝐺−1

𝐺

𝑧1

𝑧2

0.5𝑧1 + 0.5𝑧2



Demo of OpenAI

𝑧𝑠𝑚𝑖𝑙𝑒

𝐺−1

𝑧

𝐺

𝑧 + 𝑧𝑠𝑚𝑖𝑙𝑒



Masked Autoregressive Flow for Density Estimation



Improved Variational Inference with Inverse Autoregressive Flow



MAF VS IAF



Improved Variational Inference with Inverse Autoregressive Flow



f-VAE



f-VAE



Variational Inference with Normalizing Flows


